Introduction
This paper is concerned with Hardy and Hardy-Sobolev type inequalities with remainder terms. In particular, we shall focus on the following Hardy-Sobolev type inequalities due to [7] . For all uAC 
Then it is known that Sða; a þ 1Þ ¼ ð 
where CAR; l40 and
with k 0 being chosen such that jjUjj 2 a ¼ Sða; bÞ (see [9] ). To motivate our discussion, let us start with the Hardy inequality for the special case a ¼ 0; b ¼ 1: In this case (1) gives for NX3; uAD 1;2 ðR N Þ;
This inequality still holds for uAH 
From this result, they deduced that for any 2pqo
for some C ¼ Cðq; OÞ40; and that q cannot be replaced by with g satisfying jgðxÞj-N as jxj-0:
In the case a ¼ 0; by using Ho¨lder inequality, we see (11) implies Theorem B. Our approach is quite different from that in [5, 14] , in some sense simpler and easier to be adapted for the weighted versions. Following the idea used in [8] , we convert the problem from R N to one defined on a cylinder C ¼ R Â S NÀ1 : From there an inequality similar to the classical one-dimensional Hardy inequality on ð0; NÞ is used to tackle the technical part of the proof. We also note that while the sharpness of Theorems A and B is open-ended (for qo 2N NÀ2 and qo2; respectively), the sharpness in Theorem 1 is close-ended in the sense ln with jgðxÞj-N as jxj-0 when 0AO (by gðxÞðln For a ¼ 0; this was proved recently in [1] (see also [6] ) under condition OCB e À1 R ð0Þ and no estimate on the best constant is given there except for a ¼ 0;
Next, we turn to Hardy-Sobolev type inequalities which correspond to apboa þ 1 in CKN inequality (1) . Recall the norm on L q w ðOÞ is defined by
where q 0 is the conjugate exponent of q; i.e. 
Moreover, the weak norm on the right-hand side cannot be replaced by the strong norm.
For a ¼ b ¼ 0; (13) was proved by Brezis and Lieb [3] (see also [4] , and also by Bianchi and Egnell with a different proof [2] ). For a ¼ 0; 0obo1; (13) was proved by Radulescu et al. [12] . For a ¼ b ¼ 0; (14) was proved in [3] .
Our approach to prove Theorem 3, though follows the idea in [12, 13] , but improves theirs. Without using Schwarz symmetrization, our approach is easily adapted for the weighted versions. Moreover, our method can be used to establish results like (13) in unbounded domains. This partially addresses a question raised by Brezis and Lieb [3] .
In order to state our results for unbounded domains, let us define for a domain OCR N ;
We Typical domains that satisfy l 1 ðOÞ40 and ðO 0 Þ or ðO 1 Þ are strips or sub-domains of strips. Here by strip we mean domains that are bounded in at least one direction. We shall discuss more on this in Section 4.
Due to the translation invariance in Theorem 4, we need the stronger condition ðO 1 Þ:
Hardy inequalities with remainder terms
We prove Theorems 1 and 2 in this section. The idea is to use a conformal transformation to convert the problem to an equivalent one defined in a domain on a cyliner C ¼ R Â S NÀ1 : This idea has been used in [8] to study the symmetry property of extremal functions for the Caffarelli-Kohn-Nirenberg inequalities (1) 
Let C þ (C À ; resp.) denote the domain on C with t component positive (negative, resp.).
Lemma 2. Let NX1 and * OCC þ or * OCC À be a domain. Then for all vAC N 0 ð * OÞ;
Proof. This is a version of the classical Hardy inequality adapted for the cylinder case. For vAC N 0 ð * OÞ;
Integrating on S NÀ1 gives the result. Since 1 4 is the best constant for the classical onedimensional Hardy inequality (see [10] ), the optimality is proved by considering functions depending only on t: & 
ARTICLE IN PRESS
But by Lemma 2
To show the sharpness part of the theorem, assume gðxÞ satisfies jgðxÞj-þ N as jxj-0: We may assume
Now it suffices to construct v n AD
Let R n -N; and Z be a function defined on ½0; NÞ such that ZðtÞ ¼ 1; 0ptp1; ZðtÞ ¼ 0; tX2; jZ 0 ðtÞjp2: Define
Then for n large, v n AD 1;2 0 ð * OÞ since * O contains ½L; NÞ Â S NÀ1 for some L large. Then, 
Therefore,
The proof of Theorem 1 is complete. & Remark. From the proof, C ¼ Cða; OÞ can be taken as
Remark. If we take O\B d ð0Þ on the right-hand side for some d40; g O\B d ð0Þ O\B d ð0Þ is a bounded domain in C þ so the t-component has positive upper and lower bounds. Thus we get for some C ¼ Cða; O; dÞ40; 
X0
for the parameter range: NX3; 0oao
where
Recall from introduction that the best constant Sða; bÞ is achieved by the functions given in (5) and (6). Thus the minimizers for Sða; bÞ consist of a twodimensional manifold MCD We need the following result first which generalizes the results in [2, 3] for the case a ¼ 0 to the case a40: 
ARTICLE IN PRESS
Proof. It is easy to check that U and d dl j l¼1 U l are eigenfunctions corresponding to Sða; bÞ and ðp À 1ÞSða; bÞ; respectively. Then it suffices to show that any eigenfunction corresponding to an eigenvalue lpðp À 1ÞSða; bÞ has to be radial. Let C i ; i ¼ 0; 1; y the sequence of spherical harmonics, which are eigenfunctions of the Laplace-Beltrami operator on Then for any R40;
The first term can be calculated as follows: 
Putting all these together, we get
r Àbp U pÀ2 U r j i dx:
Let R be the first zero of j i with R ¼ þN if j i is not zero anywhere. Without loss of generality assume j i ðrÞ40; rAð0; RÞ: Then By a concentration-compactness argument [11, 15] we can find l n 40;
This implies L ¼ 0; a contradiction to Lemma 4. & Proof of Theorem 3. Assume that (13) 
A direct computation shows
where C40 is a constant independent of n: Therefore, This is a contradiction with Theorem 6. Since, by a direct computation
we obtain (14) by a similar argument. &
Hardy-Sobolev inequalities with remainder terms on unbounded domains
This section is devoted to proving Theorems 4 and 5. We need a few preliminary results.
When a ¼ b ¼ 0; the manifold of minimizers for Sð0; 0Þ is a N þ 2 dimensional, given by Mð0; 0Þ ¼ fCU l ð: þ yÞ j CAR; l40; yAR N g U is given in (6) with a ¼ b ¼ 0:
Proof. Just note that jrU l ðx þ yÞj is radial in jx þ yj and there exists C40 such that as l-N; Then jju n jj 2 2 Ã -S À1 ð0; 0Þ: By the proof of Lemma 1 in [2] , there exists ðC n ; l n Þ-ð1; NÞ and ðy n ÞCO such that dðu n ; MÞ ¼ jjrðu n À U n Þjj L 2 ðR N Þ -0; n-N;
where U n ¼ C n Uðl n ð: À y n ÞÞ: By Lemma 5,
Using P : D This is a contradiction with the Theorem in [2] . 
:
As in the proof of the preceding theorem, we obtain a contradiction with Theorem 6. &
Remark.
It is easy to verify that unions of a finite number of strips satisfy conditions l 1 ðOÞ40 and ðO 1 Þ:
